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Abstract. We study covariant differential calculus on the quantum spheres 
S^~^ which are quantum homogeneous spaces with coactions of the quan- 
tum groups Oq{N). 

The first part of the paper is devoted to first order differential calculus. 
A classification result is proved which says that for A'' > 6 there exist exactly 
two covariant first order differential calculi on S^~^ which satisfy the classi- 
fication constraint that the bimodule of one-forms is generated as a free left 
module by the differentials of the generators of S^~^. Although the proof 
given here guarantees completeness of the classification only for A'^ > 6, the 
calculi themselves exist for any A'' > 3. Both calculi can also be constructed 
by a method introduced by Hermisson. The number of dimensions for both 
calculi is by 1 higher than that of the classical commutative calculus; in the 
limit q = 1, one of them can be factorised in such a way that the commuta- 
tive calculus is obtained. In the deformed case, no calculi exist which have 
the same number of dimensions and structure of corepresentations as the 
classical calculus. In case A = 3, the result is in accordance with the result 
obtained by Apel and Schmiidgen for the Podle^ sphere. 

In the second part, higher order differential calculus and symmetry are 
treated on the basis of one of the first order calculi. The relations which 
hold for two-forms in the universal higher order calculus extending the un- 
derlying first order calculus are given. A "braiding" homomorphism is found 
that can be used to define a higher order differential calculus via antisym- 
metrisation. The existence of an upper bound for the order of differential 
forms is discussed for different choices of higher order calculi. 



1. Introduction 

For a number of years, quantum groups as examples of noncommutative geo- 
metric spaces with a rich additional algebraic structure have received a high 
interest, and their investigation has made great progress during the 1990s. As 
an important prerequisite for an understanding of their geometrical structure, 
covariant differential calculus on quantum groups has been studied to a high 
level. Starting from Woronowicz's initiating work (l^], construction and clas- 
sification of covariant first order differential calculi, and investigation of their 
properties, were the topic of many papers, e.g. ||^, pl}|, [p^ . Higher order dif- 
ferential calculus was the object of further work, like ||13|], and basic concept of 
noncommutative differential geometry were studied, e.g. ||2|, ||5|. 
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In the last few years, investigations concerning covariant differential calculus on 
quantum homogeneous spaces — which are the class of noncommutative spaces 
next to quantum groups as judged by the mathematical structure — are increas- 
ing; nevertheless, much work has still to be done until a comparably deep under- 
standing may be reached as for quantum groups. A general theory even for first 
order covariant differential calculus is still lacking. The number of non-trivial 
examples with well-understood differential structure is still small. Methods to 
construct first order differential calculi on certain classes of quantum homoge- 
neous spaces are described in |10], H]. A classifications of covariant first order 



differential calculi was given for Podles' quantum spheres in Earlier work 
of the author resulted in similar classification results for the quantum spheres 



introduced by Vaksman and Soibelman [T^, ||T6| and for a class of quantum 



projective spaces [T^l, HT^]. The method enabling all of these classifications 
which will be used also in this paper is based on screening morphisms of corep- 
resentations of the underlying quantum group, namely S\Jg{N) for all of the 
before-mentioned spaces. 

The quantum Euclidean spheres S^~^ which are the subject of this paper are 
quantum homogeneous spaces for the quantum groups Oq{N). As compared 
to the SUg(iV)-based Vaksman-Soibelman spheres S^^"^, this is supposed to 
be in some sense the more natural choice in deforming spheres to quantum 
spheres but the calculations become much more involved than in the case of 
the Vaksman-Soibelman spheres. Nevertheless, it turns out that in contrast to 
the great variety of different covariant first order differential calculi which were 
found in for S^^~^, the classification theorem |l| for the quantum Euclidean 
spheres which is the first main result of this paper lists only two calculi under an 
appropriate classification constraint. The outstanding properties of these calculi 
make the quantum Euclidean spheres a promising object for further study. 



2. The Quantum Euclidean Spheres ^ 

2.1. Definitions for quantum spaces. Here and in the following our def- 
initions are in accordance with |^, H], Q. Let A he a coquasitriangular 
Hopf algebra (This is what we shall understand by a quantum group through- 
out the following.) Let A have the comultiplication A^^ and the counit e^. 
A pair (X, Ar) consisting of an algebra X and an algebra homomorphism 
Ar : X ^ X ® Ais called a (right ) quantum space for A if the following equal- 
ities hold: (Ar (g) id^)AR =(idx A^)Ar; (idx e^)AR = idx- Then, Ar is 
called (right) coaction of ^ on X. For brevity, we shall also denote the quan- 
tum space itself by X. A quantum space {X, Ar) (or, briefly, X) for A is called 
quantum homogeneous space if there exists an embedding lx ■ X ^ A such that 
Ar = A_4 o ix, i-e. X can be identified with a sub-algebra of ^, and its coaction 
is obtained then by restricting the comultiplication. 

2.2. The quantum Euclidean spheres. Throughout the following, the de- 
formation parameter g is a positive real number different from 1 unless stated 
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otherwise.^ Moreover, the dimension parameter N will always be a natural 
number, A'^ > 3. We shall always sum over pairs of upper and lower indices 
from 1 to N. 

Define X to be the algebra with generators xi,X2, ■ ■ ■ ,xn, and relations 

(cf. i) 

R'ijXkXl = q~'^XiXj -\ ^ij^kXl, (1) 

C^'xkxi = 1, (2) 

where i?^ = R — {q — q^^)I + {q — q^^)K is the inverse of the R-matrix of the 
quantum group Oq{N), 

^ = ^(fc=/)-(fc=0(, = = k) + {q- q-^){i < = k){j = 1)- K^j), 
and 

K^j = C'^Cki; C'^ = Cij = q-S' {i = j') . 

Here, {i = j) and {i < j) denote Kronecker and Heaviside symbols, resp.; by an 
apostrophe we denote the mapping ' : i i' = N + 1 — i. The constants Qi are 
given by = f - z for i < for i = f - i + 1 for i > 

A *-structure on S^~^ is given by 

X* = C'^xj. 

By Xi^{l + g^-2)-i/2(^^i ^ X (as a *-algebra) is em- 

bedded into Oq{N); the coaction 

Aji: X ^ X ®Oq{N), Xk^Xi(g)ui 

obtained by restricting the comultiplication A of Og{N) then makes X into a 
quantum homogeneous space for Oq{N) which we shall call Euclidean quantum 
sphere and denote by S^~^. 

3. First order differential calculus on quantum Euclidean 

SPHERES 

3.1. Basic definitions. Let X be an algebra. A first order differential calculus 
on X is a pair (F, d) of an X-bimodule F and a linear mapping d : X — > F 
which fulfils the Leibniz rule, d{xy) = dx ■ y + x ■ y for all x,y G X, such that 
dX spans F as a left module, i.e. Lm{xdy \ x,y £ X}. The elements of F are 
called one-forms, while d is called differentiation map. 

If {X, Ar) is a quantum space for a quantum group A, a first or- 
der differential calculus (F, d) over X is covariant if the well-defined 
linear mapping $r : F — > F (g) ^ given by <I>R(d2;) = (d ® idyi)(Ap{ (a;)) and 



^For most considerations, q could even be arbitrary complex, except and roots of unity; 
the restriction to real numbers is necessary only where ^-structures are involved. 
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^ji{xujy) = AR(x)$R(u;)AR(y) for all x,y £ X, lj € F, and $r satisfies the 
identities (<I>r id^)<I)R, = (idr <8) A)<I)r, (idr e^ij^I^R = idp. 

An important role in the investigation of covariant differential calculi over quan- 
tum spaces is played by (right-) invariant one-forms, i.e. those a; G F for which 
<I>r(w) = w (g) 1^ is fulfilled. 

If for a covariant first order differential calculus F over X an invariant one-form 
Wo exist such that dx = loqx — xluq holds for all x € X, the calculus F is called 
inner. 

Finally, if (F, d) is a first order differential calculus over a *-algebra X then 
(F,d) is called a *-calculus if for any sum "^j^Xkdyk where X}^,yk G X which 
equals zero in F even d(y^)a;^ vanishes. In this case it makes sense to define 
* : F ^ F via (dx)* := d{x*). 



3.2. Classification tiieorem. We shall consider free covariant first order dif- 
ferential calculi on S^~^, i.e. calculi (F,d) fulfilling the constraint that the 
differentials dx,, i = 1, . . . , A^, of the generators of S^~^ generate the bimodule 
of one-forms as a free left module. Our main result is the following classification 
theorem for these calculi. 

Tiieorem 1. For N > 3, there exist two free covariant differential calculi F+, 
F_ on S^""*^. If N > 6, any free covariant differential calculus on S^^^ is either 
F_|_ or F_. 

The bimodule structure of T± is given by 
dxi ■ Xj = ±i2~^jxfcdx/ -|- {±q — l)xidxj 

+ '^I'qN-i ^'l^kdxi + ^l±l)^-^^^C^ix,x,Xkdxi, (3) 
where the upper signs are valid for F+ and the lower ones for F__ . 



The proof of the classification theorem will be given in section 3^. 



We stress that both differential calculi described in the theorem exist for any 
> 3; it's the uniqueness statement that has to be restricted to > 6 for 
technical reasons that become clear in section 

In the case A^ = 3, the quantum Euclidean sphere S^^^ is isomorphic to one of 
Podles' quantum spheres Sqc, namely that with parameter c = 0. In |||] where 
covariant first order differential calculi for the Podles spheres were classified un- 
der a more general classification constraint, it was shown that on Sgo there exist 
exactly two free covariant first order differential calculi^, which is in accordance 
with our result. Besides, it follows that our uniqueness statement is in fact true 
even in the case A^ = 3 which is not covered by our proof. 



Note that c = is an exceptional case — for most values of c, exactly one such calculus 
exists. 
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We continue by discussing some properties of the differential calculi. First, we 
note that the bimodule structure can also be given in a form which allows to 
transform any given one-form into a rigit-module expression. 

Corollary 2. The bimodule structure of r_|_ and r_ is described by 

Xidxj = ±R^ijdxk ■ xi + {±q — l)dxi ■ Xj 

+ i^qN^i Kijdxk ■ XI + -C^^dxk ■ XiXiXj. (4) 

Proof: The equivalence of (§) and @ is checked by direct calculation. □ 

An important observation is that in both calculi there exists a 1-dimensional 
vector space of invariant one-forms, namely the multiples of 

O := C'^'xfcdx/. 

One obtains from the bimodule structure given in the theorem that 

r^Xj — XjO lb - ■ jr: 7; dXi, 

1 -I- q"^'' 

where again the upper and lower signs refer to r+ and r_, resp. With 

1 + qN-2 

one therefore has dx = Q'x — xQ' for all x € S^~^, which implies the following 
corollary. 

Corollary 3. r+ and r_ are inner calculi. 

Finally, the question is to be answered whether our differential calculi are com- 
patible with the *-structure of S^~^. 

Corollary 4. r+ and r_ are *-calculi. 

Proof: It is sufficient to prove that 
x*dx* = ±R-fjdxl ■ xl + {±q - l)dx* ■ x* 

1 =p q^-i «i ' 1 zp qN~i ^ ^k^j^i ■ 

Using the defining relations of S^^^ together with the definition of C*-^ and the 
Leibniz rule, one checks that 

C^^dx*i ■ xl = C^^C^'&^dxt ■ Xs = C^'dxt • Xs 

Moreover, one has R-f.C^'^C^t = C'^'^C^'-R-jf^ such that ^ becomes 

C^^C^'xtdxs = C^^C ^±i?-™dx„ • x„ + {±q - l)dxt ■ 

-|- ^ _^ q^^^ ts dXu • Xu -\- ^ _^ q^^^ dx^ ' x^XtXg j , 
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which is equivalent to (^). □ 

3.3. The classical limit. Note that the 1-dimensional space of invariant one- 
forms is still present in the "classical limit", i.e. the limit g = 1, of both calculi 
while no invariant one-forms exist in the classical commutative differential cal- 
culus. Indeed, the bimodule structure of in the limit q = I takes the form 

2 2 

dxi ■ Xj = Xjdxi - — — -{i = + — — -XiXjO. 
■' N — 1 N — 1 

while that of r_ becomes 
both being noncommutative. 

However, there is an important asymmetry between r+ and r_ indicating that 
r+ stands in a closer relation to the classical commutative calculus than r_. 
Namely, for r+ in the classical limit one has Qx = x^l for all x G S^~^, such 
that r+ loses in the limit the property of being an inner calculus; it can be 
factorised by the additional relation = 0. The resulting differential calculus is 
obviously the classical commutative one, dxi ■ Xj = Xjdxi. Such a factorisation 
is not possible for r_ in the limit q = 1 since we have for r_ with q = 1 the 
equality ^x = xQ — 2dx for all x G S^~^.| 

In case > 6, r+ is in some sense the best one can get as an approximation 
of the classical commutative differential calculus on S^~^ in the deformed case 
since there is no covariant first order differential calculus whose bimodule of 
one-forms decomposes in the same way into invariant subspaces for the coaction 
of Oq{N) as in the classical case. Namely, this would require (opposite to the 
case of a free calculus) that O vanishes. 

Corollary 5. Let g G IR \ {0, ±1}, and N > 6. Then there exists no covariant 
first order differential calculus (r,d) on Sg~^ with T generated as a left module 
by dxi, i = 1, . . . ,N, for which all left-module relations within T are generated 
by the relation C^^Xidxj = 0. 

The proof of this corollary will be given along with that of the classification 
theorem in 

3.4. A new basis for one-forms. Prom equations (^) it is obvious that the 
transformation of one-forms into their left-module expressions is non-linear in 
T±. For example, in transforming dxi ■ Xj to its left-module expression, besides 
members of the type Xkdxi also expressions XkXiXmdxn, with algebra elements of 
third degree, are obtained. Of course, this behaviour of the transformations is a 
great obstacle in doing more advanced calculations. Therefore, the question rises 
whether the equations describing the bimodule structure of the free covariant 
first order differential calculi on S^~^ could be simplified to a purely linear 

^Instead, r_ admits factorisation over the relation f2 = in the case q — —1. 
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structure like 7iXj = A^jxh^i by choosing a different basis {71} for the bimodule 
of one- forms. 

For reasons of covariance, it is sufficient to coonsider sets of one-forms of type 
7j = pdxi + axi^l, with a, /3 independent on i. Since T-j- are inner calcuU, P 
can't vanish such that we can restrict ourselves to the ansatz 7.^ = dxi + axiQ. 

Proposition 6. Let (r,d) be one of the differential calcuU (r_|_,d) and (r_,d). 
Then there are exactly two real numbers a, for which the set of one-forms 
{7.4 := dxj + aXiO, \ i = 1, . . . ,N^ forms a basis of T such that the bimodule 
structure ofV is described w.r.t. the basis {ji} by 

-fiXj = AfjXk^i 

with appropriate real coefficients A^j. 

These values are 

where the upper signs are valid for T = r_|_ while the lower ones refer to 
r = r_. W.r.t. the two bases := dxi + a+XjO, 7" := dxj -|- a'~XiO, the bi- 
module structure of T can be written as 

Proof: Let F = F+, and 7^ := dxj + axiQ, with arbitrary a G IR. Because of 
C^xaj = C'^Xidxj + aC^^XiXjXkdxi) = (a + l)C''^Xidxj 

the inverse substitution is given by dxi = 7i — {01/ {a + l))xiC^^Xk'~fi. We calcu- 
late 

= R'ijXkdxi + {q-l)\l- 5~^«Y+"^JV^ ) ^'^^^ 

+ \^ 1 _ qN-l + "J x.Xjii i_qN-l '^^3^'' 

= R-^lxkli + {q-l)[l- g-ia^— 1^ J 

^ - 1) <L^\ ^« 

+ a + l I 1 _ qN-l 1 + ] ^kll 



^'^y " 1 + ~ ^ "(g - 1) + 1 _ giv-i J <^ XiXjXk^i. 

(7) 

The bimodule structure w.r.t. the new basis is therefore linear if and only if the 
last coefficient is zero, i.e. 

" I -qN-l '^{l-qN-iy 
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N-\ J \y ^ I _ qN-1 

The two solutions for a as stated in the Proposition are now obvious; by inserting 
them into equation (0) one verifies (|6|). This completes the proof for F = r_|_; 
the case F = r_ is treated in the same way. □ 

Since we have to buy the particularly simple form of the bimodule structure 
in the 7^ bases with more complicated equations describing the differentiation 
map d 

1 ±q 1 ± 

it is wise to keep in mind both types of basis for F to use each one when 
appropriate, depending on the kind of calculations to be done. 

The *-structure still takes a simple form in the new bases. 

Corollary 7. Let F G {F+,F_}. Then (7+)* = q-^C^^-f~ ; (7")* = qC'^-f^. 

Proof: We prove the first equality for F = F+. 

1 _L „N-2 / 1 I N-2 

The proofs of the remaining statements are analogous. □ 

3.5. Proof of the classification statements. The most important tool which 
will be employed in our proofs of the classification theorem |l] and Corollary ^ 
is to analyse morphisms of corepresentations of ^ = Oq{n) (co-) acting on the 
algebra X = S^~^ and its tensor products. In this way, covariance and the 
algebraic constraints are exploited to find the general structure, with unknown 
coefficients, for the bimodule structure of the desired differential calculi; then 
the generating relations of the algebra and the definitions for differential calculi 
are evaluated to determine the coefficients. 

The same principle underlies the proofs given by Apel and Schmiidgen in (for 
Podles' quantum spheres) and by the author in [15| and |jl^ (for the Vaksman- 



Soibelman quantum spheres and quantum projective spaces, resp. 

First we observe that since q is not a root of unity, the corepresentation theory 
for Oq{N) is quite similar to that of the undeformed matrix group for which 
the formalism of Young frames can be used |||]. 

Denote by V{k) the vector space of those polynomials of degree k in the genera- 
tors xi, . . . ,XN of X, and by Vr{k) the vector subspace of all those degree k poly- 
nomials which by virtue of the defining relations (||) and (§) of S^~^ are equal to 
polynomials of lower degree. Let W{k) be the vector space complement of Vr{k) 
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in V{k). The coaction Ar, induces corepresentations TT{k) : W{k) W{k) (8) A. 
In particular, 7r(0) is the trivial corepresentation Ix i-^ Ix 53 1^, denoted also 
by (0), and 7r(l) is the fundamental corepresentation, Xi Xj ul, which cor- 
responds to the Young frame ^ . 

We can now use the Young frame formalism for the orthogonal quantum group 
Oq{N) to calculate the higher corepresentations 7r(/c) and the tensor products 
7r{k) 7r(l) successively. Note that TT{k + 1) is obtained by cancelling those 
summands of TT{k) (S> vr(l) which are annihilated by the commutation relation (||) 
or reduced to lower degree by the inhomogeneous relation (^). 



7r(0) (5 


?)vr( 


;i) = 


□ ■ 






7r(l)$ 


?)vr( 


;i) = 


™ + a +(0); 


7r(2) = 


m ■ 


7r(2)$ 


?)vr( 


;i) = 


cm + gp + □ . 


7r(3) = 


□XI ■ 


7r(3)(5 


?)vr( 


;i) = 


LULU + ^ + m; 


7r(4) = 


Mill 


7r(4) (5 


?)vr( 


;i) = 


1 y 1 1 1 1 rm . 


7r(5) = 






These equalities give the correct decompositions of 7r(A;) and Tr{k) (g) 7r(l) into 
irreducible corepresentations for > 6; for smaller some of the summands do 
not exist, or decompose. This is the reason why we can guarantee completeness 
of our classification only under this assumption. For k > 5, the corepresenta- 
tions of both TT{k) and ■K{k) (g) 7r(l) contain only Young frames with 4 and more 
columns. 

In the language of corepresentations, the classification constraint of Theorem [I] 
says precisely that F is generated by dy(l) as a left module. As a vector space 
with a corepresentation of Oq{N), dV{l) is the same as V{1); therefore F is 
the sum of invariant vector spaces for all (irreducible components of) corepre- 
sentations 7r{k) 7r(l), A; = 0, 1, 2, . . .; for the same reason, the vector subspace 
dy(l) • V{1) of all dxi ■ Xj decomposes into the invariant vector spaces for the 
corepresentation 7r(l) (8) 7r(l). 

The bimodule structure is described by a transformation that sends one-forms 
from dy(l) • V{1) to left-module expressions in XdV{l). The covariance con- 
dition requires that this transformation must transform each invariant subspace 
for an irreducible corepresentation of the quantum group to an isomorphic sub- 
space. Thus, the transformation is necessarily a linear combination of all mor- 
phisms from irreducible invariant subspaces in dy(l) • ^(1) = V{1) (giV{l) to 
isomorphic invariant subspaces in XdV{l) =X(S'V{1). 

Searching the sums of Young frames representing TT{k) (g) 7r(l) for frames which 
are also contained in 7r(l) 7r(l), indicating isomorphic invariant subspaces, we 
find that ™ occurs in 7r(l) (8) 7r(l) and in 7r(3) 7r(l) while and (0) occur 
only in 7r(l) 7r(l) itself. Therefore one has four relevant morphisms and gets 
the ansatz 

dxi ■ Xj = ai{P+)fjXkdxi + a2{P-)fjXkdxi 

+ a3{Po)ijXkdxi + a4{P+)tp''^XsXtXkdxi 
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for the bimodule structure of any free covariant first order differential calculus on 
S^~^. Here, P+ is the projector onto the subspace corresponding to ™ , P_ the 
projector onto the subspace corresponding to , and Pq the projector onto the 
subspace for (0). Since the projectors are less convenient for later calculation, 
we use the fact that R~ , the identity /, and K are three independent linear 
combinations of P+, P_ and Pq, spanning therefore the same vector space of 
transformations, and that the multiplication XsXt in the last summand in fact 
does itself the job of P+ because it involves a symmetrisation via relations ([l|) 
and (|2|). We can therefore rewrite the ansatz as 

dxi ■ Xj = aiR~YjXkdxi + a2Xidxj + a^K^jxkdxi + aiC^^XiXjXkdxi (8) 

with unknown coefficients Oi, 02, 03 and 04. 

The changed constraint in Corollary |5| requiring the calculus to contain the 
left-module relations generated by = means that the subspace for (0) is 
cancelled from ■7r(l) (8) vr(l) and that for ™ from 7r(3) <8> vr(l) in the decomposi- 
tion of XdV{l). This reduces the number of possible morphisms to 2, and with 
essentially the same arguments as before the ansatz 

dxi ■ Xj = aiR~^jXkdxi + a2Xidxj (9) 

is obtained. 

We return now to equation (P). To determine the coefficients we use first the 
conditions 

C'^{dxi-Xj + x,dxj) = 0, (10) 

R~ij{dxk ■ xi + Xkdxi) - q{dxi ■ xj + Xidxj) = 0, (11) 

C'^^dxi ■ XkXi = dxi, (12) 



Rkidxi ■ XgXt - qdxi ■ XkXi + ^ ^ ^j^_^ Ckidxi = 0, (13) 

^7V-l 



the first two of which arise by differentiating the defining relations of 
while the last two ones result from the bimodule requirement and the defining 
relations of S^~^. Since covariance and freeness are guaranteed by the construc- 
tion leading to (|8|), these equations which completely encode the compatibility 
of bimodule structure with differentiation are everything which remains to be 
satisfied. 

Each of the equations (p^)- (|T3|) is evaluated by transforming it via (|8|) to left- 
module form0 and comparing coefficients for elements of Xdy(l)J^ 



From 1^) and (|T|) we derive 



2q + g^-2)(i 



02 = qai - 1; 04 = -1 - q'^ ^ai - a2 - — — ^ '\ ^^3 

g"^ — 1 



''Part of these calculations has been carried out with the aid of a computer algebraic 
program. 

^The coefficient comparisons involved are admissible only if there are enough algebraically 
independent elements in XdV{l) but this requirement is met for > 6. 
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and eliminate 02 and 04. After doing so, we obtain from (|12| ) and ( [1^ ) among 
others the conditions 

ai^ - 1 = 0; 

^ jv-3 g'-i ^ -1 1 + , 1 + 2 n 

^^gjv-2 "i + g r+^]v32«i«3 + Y^^]v^ai =0. 

By computing for each of the two possible values for ai the other coefficients, 
we find that two sets of coefficients are still possible, namely 

ai = l, a2 = 9-l, a3 = g ^ _^jv-i ' «4 = ^ _ ^jv-i 5 



ai = -1, a2 = -g-l, 03 = 9 04- . , at-i 

Inserting these into (P) yields equation (|3|) from the theorem for the r+ and r_ 
cases, resp. To finish the proof of the theorem, one checks that ([l0|)-([l3|) are 
satisfied by both sets of coefficients. For this last step, the assumption > 6 
is not needed. 

To prove Corollary |5[ conditions ([Tl| ) -(|l3| ) have to be exploited in the same 
manner but with the simpler assumption . Equation (^) is trivially satisfied 
in this case. The calculations are essentially the same as above but simpler. 
Equation ([Tl|) leads again to 02 = qai — 1; from (13) we get then, among other 
conditions, 

ai^ = 1 and ai^ — {q + Q^^)0'i + 1 = 

which contradict each other except for g = ±1. This completes the proof. 



4. Higher order differential calculus and symmetry 



4.1. Basic definitions. If the geometric structure of quantum spaces is to 
be investigated, first order differential calculus is an insufficient tool since even 
simple concepts of differential geometry require at least second order differential 
forms to be formulated. That's why we shall turn our interest now to higher 
order differential calculus. 

Given a covariant first order differential calculus (F, d) over a quantum homo- 
geneous space X, consider a pair (r^,d) consisting of a graded algebra and 
a linear mapping d : — > such that the degree and 1 components of F^ 
are isomorphic to X and F, resp. Let the multiplication of F^ be denoted by 
A, with the convention that the A sign may be omitted if one of the factors 
involved is of degree zero (i.e. an element of X). Suppose further that the fol- 
lowing statements hold for (F^,d): The mapping d increases the degree by 1; d 
extends the differential of the first order calculus and fulfils the graded Leibniz 
rule, d(t?i A ??2) =di?i A 192 + {-if'&i A dt?2, for t92 G where d is the de- 
gree of 'di; and dd = 0. Finally, assume that the covariance map $r, from the 
first order calculus can be extended to a map : ^ 1^ A making F^ into 
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a covariant X-bimodule. If all these properties are fulfilled, the pair (r^,d) is 
called a covariant higher order differential calculus over X which extends (F, d). 

First, one observes that for any first order differential calculus F over a quantum 
homogeneous space, there exists a universal higher order differential calculus 
F^ extending F from which any other calculus with the above properties can 
be obtained by factorisation. Relations of this calculus can be successively 
computed started with those of the first order differential calculus and applying 
the definition of higher order differential calculus but in general the universal 
calculus is difficult to handle and displays properties which make not much 
sense for geometric investigations, such as unlimited order of differential forms 
on deformations of finite-dimensional manifolds. Therefore it is mostly of merely 
algebraic interest. 

A second approach to higher order differential calculus is based on an 



antisymmetrisation procedure, cf. |19|, [|T^. For this, a "braiding" map 



a : F ®x F ^ F ®x F is required which must be an algebra homomorphism sat- 
isfying the braid (or quantum Yang-Baxter) equation 

(cr (g> id)(id (g) cj)(o- (g) id) = (id (g) o-)(fT id)(id a). 

The algebra F'^ is then obtained by factorising F® over an ideal which is gener- 
ated by the kernel of (idr^r — o"). 

In the literature several versions for the construction of the ideal can be found. 
All of them agree in their second order component but differences occur in higher 
orders, leading possibly to different external algebras. For a detailed comparison 
in the case of the quantum group SLq{N) see 

An advantage of the antisymmetrisation approach lies in the symmetry infor- 
mation encoded in a which merits an interest of its own in further exploring of 
the differential structure. 



4.2. Second order relations in the universal higher order differential 
calculus extending r^.. For the remaining part of this article, we shall base 
our considerations on the first order differential calculus F = F+ over X = S^~^. 

The first order differential calculus determines a unique universal higher order 
differential calculus F^ over S^~^ which extends F+. In the following we want 
to give relations which have to hold in this higher order differential calculus. In 
particular, we want to give a full account of the relations of second order. 

Since iterated differentiation is involved in the calculations, we prefer to use the 
dxi basis for F. 

Proposition 8. All left-module relations in the module T AT of two-forms in 
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the universal higher order differential calculus on Sg~^ extending r+ are gen- 
erated by the set of relations 

= Rrfjdxk A dxi + qdxi A dxj - q- ^ -Xi^} A dxj 

,^.-AAM±^)iL±^K^Sa..l (14) 



jN-2 



1 + 

= d^^ + 2g ^ C'^'xh^Adxi. (15) 



Proof: We start by differentiating equations (^) for r+ using the graded Leib- 
niz rule. By transforming all involved summands to left-module expressions, we 
obtain a relation which necessarily holds in F^. 

= i?-fjdxfc A dxi + qdxi A dxj - gA^-i ~ x,n A dxj 

+ g ^ _ XjXjdiZ + g ^ _ -K XiXgdxtAdxi 



g ^ _ gAf-ip ^ ijXk^i/\axi 

-\- Tj — :j R f^iR ij C X gXi^Xii A d-X 



This equation is resolved for R fjdx^ Adx;; by substituting the resulting ex- 
pression on the right-hand side of the identity 

R-%C''^XiXsdxt A dxi = {R-%C^' + {q- q-^){I% - K%)C^')xiXsdxt A dx;, 



a new equation is obtained which contains again R ^^C^'x^x^dxi A dx; on its 
right-hand side. Resolving for this term, one finds 

1 _ qN-2 _ N-l _^ N 
R'fkC^^XiXgdxt A dx; = XiQ. A dxj + (1 - q)xiXjd9. 



1 



C XiXjXk^Adxi, 
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which simphfies the original relation to 

= R'ijdxk A dxi + qdxi A dxj + q- ^ -Xi^l A dxj 



1 _ gAf-l * J 

2^ 



1 _ ^A^-l «J 
''^ ^ — ^-Cijd^l — ^ ^ N—i\2 — ^~C^^XiXjXf^Q A dxi 



We shall denote the right-hand side of this equation, with the A signs replaced 
by (g)x (and thus dO by d®0 := C'^dxi ®x drE^), by [Rij]. 

By factorising the free left S^~^-module T (8)x T generated by dxj (g) dxj over the 
relations [Rjj] = 0, a left S^~^-module Tf is obtained. This is not a bimodule, 
and therefore still not FAT, because if this were the case, it would follow from 
equation (|3|) and [Rij] = that 

= [R,,]xfc = [R^fc] 
= AiXiXjXkd'^n + A2QjXkd'^n + AsCjkXid^n + AiCtkR'fjXsd^Q. 

n (g)x dxn + ^eCyC^^XfcXmri (g)x dx„ 
+ A7Cjfc(7™"xiX„Jl Ox dx„ + A8CtkR~tjC'^''xsXm^ dx„, 

where 

(1 + g^-2)2(l - 2g + 2g2 - 2g3 + _ 2^5 ^ ^6 _ ^iV-l 

(1 + q^-^){l -2q + 2q^ - q^ - q^ + q"^ - q^-^ + 2q^ 
^6 = 2g ^ 



(1- (7^-1)2 

15 /i6 ^7 /Ig 



^5 ^6 ^7 ^8 „ . l + 



A, A2 A3 ^4 ^' ^'^(l-g)(l-<z^-i)- 
To make into a bimodule, it has to be factorised again over the relation 

[R:,J = 0. (16) 
We observe that there is an S" 7^ such that 

C^AiXiXjXk + A2CijXk + A^iCjkXi + A^CtkR'fjXs) = Sxk- 
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Because of this fact and the equahty 

[^ijk\ = 

{AiXiXjXk + AiCijXk + AsCjkXi + AiCtkR~fjXs){d'^n + TC'^'^Xm^ O dx„), 
the relation (16) implies 

= C^'^C'^Xr[%kl 



and thus 

d^n + rc"""x^rj ®x dx„ = o. (i7) 

Let be the left module obtained by factorising over the relation ( [17| ) . 

Since in the equalities 

[Ilij]xk = and (d®J^ + rC™"x„^J^ dxn)xk = 

are satisfied, is in fact a S^~^-bimodule and therefore isomorphic to F A F. 

□ 

4.3. Braiding symmetry and antisymmetrisation. Prom the simple bi- 
module structure of F+ w.r.t. the basis {74} where either 7, = for 
i = 1, . . . , N , or 7i = 7~ for i = 1, . . . , A^, one easily guesses the ansatz for a 
covariant "braiding" homomorphism which underlies the following theorem. 

Theorem 9. Let X = S^""*^, F = F_|_, and either 7^ = 7^^ for i = 1, . . . , N or 
7j = 7~ for i = 1, . . . , N . For any real number a, the equation 

continues to a well-defined covariant homomorphism a : F F ^ F 0x F 
which satisfies the braid relation. 



Proof: Since all tensor products of differential modules in the following have 
-1 in the following. 

^1 



to be taken over the quantum space S^ ^, we shall often write instead of 
or (Xigjv-i in the following. 



First, let ctl : F (g) F ^ F (g) F be the left module homomorphism defined by 

(^hili <S^ Ij) =aR~fj^k ® li- Because of 

o-L(7i ® Ij ■ Xk) - cThili ® 7j) • Xk 

= aL{R~tiR~]kXsjt O Jv) - aR-^J'ju ®lvXk 

= a{R-r:R-fuR-Tk - R-TtR-lR-W>si^ C5 7p = 0, 

fJL is also a right module homomorphism, i.e. a is a well-defined bimodule ho- 
momorphism. 

Second, with the abbreviations o"i := a ®x idr and (T2 := idr ®x o", we obtain 

(o-lO-20-l - 0-2CriO-2)(7i ® Ij ® Ik) 

= aHR~-i7R-fkR-fI - R-ZR-fuRlkhs ® 7«. ® 7p = o. 



16 MARTIN WELK 

i.e. the braid relation is fulfilled. 

Finally, for the mapping $r (g) $r : T (g)^ T ^ T T Oq{N) (where the mul- 
tiplication of Oq{N) makes the second tensor factors of both $r images into 
one element of the quantum group) one has 

(^>R (g) <^R)a{-fi O jj) = aR-fps <^7t<^ uluj 

= aR~l\js O 7i ® u'^Uj = (c^ O idr)($R O $R)(7i ® 7j), 
which guarantees the covariance of cr. □ 
Remark: Obviously, a is invertible, with the inverse defined by 

(j-^(7i ® 7j) = a-^Rfj-fk ® 11- 

Corollary 10. The homomorphism a constructed in Theorem |^ is independent 
on the choice 7^ = 7^^ or 7^ = 7^" . 

Proof: Define a~ and cr+ via 

a' (7r ® 77 ) = aRijlk ® 7/" > i^t ® 7+ ) = a^fi7^ ^ 7;+ • 
From Proposition ^ and the bimodule structure of r+ it follows that 

-ft «> 7/ = ® 77 - (1 + g^"^)C^'2;iXfc7^ ® 7- 

- (1 + g^-2)C-*i?-Jf,i?-^"xfcxa- €5 7r 
+ + q''-^fC'''C''x,XjXkXs7r 7r 

- - q~'){l + q''-^)C^'R-%x,Xs% ® 7,- 

-(g2-l)(l + ^^-2)^«x,x,7fc®7r- 

From this one can calculate a^^a^ {^f ® 7^") as well as R~ij^t ® ■ finds 
that both equal the expression 

R'^ibk ® 7/" - (1 + g'^-')c^"i?-^^-x.x,7r ^ 7r 

- (1 + q''-^)C'''Rrl]xsXk^- 7,- + + q''-^fC'''C''xiXjXkXslt ® iT 
-{q- + <z'^-')C'='x,Xfc7r ® 77 

which means that and a~ are identical. □ 

The following corollary specifies the way in which a can be used to define a higher 
order differential calculus extending r+ via antisymmetrisation. Note that the 
expressions [I] and [II] correspond to the right-hand sides of the relations (14), 
(|15|) from Proposition § 



Corollary 11. Let X, T, 7^, a and a be as in Theorem // and only if a = q, 
the homomorphism (idr^r — f) annihilates the two expressions [I], [II] G F (g) F 
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defined by 

[I] := R~ijdxk <8) dxi + qdxi (g) dxj 

— q- — q^~^ XiC^^XjndXji ® dxj 

- R-fhC^'^XmdXn ® dxi 



^ ^]\i_i-^2 XiXjC xj^C^^^Xjjidxji (8) dxi 

[II] := C"^"da;^ ^ dx„ + 2(?- ^ c''^c'^''xkXmdxn ^ dx;. 

(1 -g^-i) 

Proof: That the parameter a must be chosen as q in order for [I] and [II] to 
be annihilated by (id — a) is obvious. Let therefore 

By calculation, we obtain successively 

+ q 



dxi ®x dxj = 7j ®x 7j - Cl'^'^^i^mln ®x 7j 



^ ^2 V ^C"^'^XiXj7^ Ox 7n 



1 + ^ 

_(l_ g)(l+g iV-2) ^^^^ 

1 + 9 



+ 9^ ^^^^7^ ^i?-|LC-"x,Xfc7i In 



- g R-tR-f^C^^XsXkii ®X In 

+ ' ,'^' c""C^*x,x,-X3a;^7n C^x 7t, 



[I] = O ®X 7i + ^"?i7fe 11 - q C'^'^XiXmln ®x 7j 



1 -1- 0-^-2 

1 + g i^-^LC"^"x,Xfc7/ ®X 7n 
-i?-f?C"'"XfcX^7n «)x 7z 



1 + 

— ; ?1 - 

1 + g 



1 + 

1 + g 



R-^lR-f.C^^XsXkll ®X In 



{l-q){l + qi + q^) 
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(1 + g)(l -9^-1) 
(1 - g + 2g2 - g3 _ iv+i)(i + iV-2) 

+ g ^ ^ l_gjV-l ^ ^^^^'C^'^a^feXn.Tn^XTi, 

l + q 



[II] = -g^-^C*^7i ®x 7i + 9 i_ g2 ^ g'^C"^"x»Wn ®x 7.-, 

and finally 

(idr^r - (7) [I] = 0, (idr^r - c^) [II] = 0. 

□ 

It follows that a higher order differential calculus extending r+ is obtained by 
factorising F® over the ideal generated by the kernel of (idngir — <7) if and only 
if a = g which will be assumed from now on. 

Let be this higher order differential calculus. Although is smaller than 
, it still contains nonvanishing differential forms of arbitrarily high order, e.g. 
dJ^ AdO A ■•• AdJ^. 

In fact, (id — a) cancels the component from F (g) F belonging to projector P+ 
but leaves the Pq component intact. To complete antisymmetrisation, the latter 
has to be zeroed by an additional factorisation. Obviously, factorisation does 
not destroy the property of being a higher order differential calculus. 

Corollary 12. Let the higher order differential calculus F^q he given by factori- 
sation of F^ over the additional relation dJ7 = 0. Then F^q is generated as a 
left X-module by the set of all differential forms 7ii A • • • A 71^ where < s < N 
and 1 < ii < ■ ■ ■ < is < N . 



Proof: By virtue of the bimodule structure of F, any differential form in F^q 
can be written as a sum of products x^i-^ A 7^2 A • • • A 7^^ with x & X , s > and 
ii,i2, ■ ■ ■ ,is £ {!)•••) N}- Moreover, from dil = it follows that 

C''7i A 7,- = 0, C'^C'^^XiXk-fi A jj = 0. 

Using 

(idror - ^){R~ijlk ® 7i + Q7i ® 7j) = -q^~\q^ - ^)Kfjlk ® li 
we obtain therefore 

R-fjlk^ll + qli^l3=^■ (18) 

This commutation relation for the 7iS allows to replace any product 'yi/\'yj, 
i > j with a sum of products 7fc A 7; with k < I and k + I = i + j . Furthermore, 
the relation implies that the product 7^ A 7^ is zero if 2i ^ N + 1 while for 
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2i = + 1 it can be replaced by a sum of products jk A 7; with k < I and again 
A; + / = i + j. 

Assume now we are given the product A • • • A 7^^ A 7i^+i A • • • A 7^^ where 
V > V+i holds for some r. Applying ( |l^ ) as described before at posi- 
tions r and r + 1 we transform the given product either to zero or to a 
sum of new products 7j'^ A • • • A 7^^ A 7^/ A • • • A 7^^ where ik = i'^ for all 
/c 7^ r, r + 1 such that + ^2 + • • • + i';. = ii + «2 + ' " " + ^fc whenever k ^ r 
while i\ + i'2 + ■ ■ ■ + i'j. < ii + 12 + ■ ■ ■ + ir — ^- Since in each resulting product 
in each step one of the index sums + ■ ■ ■ + i'^ is by at least one smaller 

than the corresponding sum in its predecessor, and since none of the index sums 
can become negative, the procedure terminates after a finite number of steps, 
yielding only products with v < V+i for all r. This completes the proof. □ 
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